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On the Symplectic Reduced Space of Three-Qubit Pure States
Saeid Molladavoudi
Abstract
Given a specific spectra of the single-particle reduced density matrices of three qubits, the
singular symplectic reduction method is applied to the projective Hilbert space of tripartite
pure states, under the local unitary group action. The symplectic structure on the principal
stratum of the symplectic quotient is obtained. A criterion from which the elements of the local
normal model of the principal stratum can be constructed up to an equivalence relation and
also the components of the reduced Hamiltonian dynamics on it are investigated. It is discussed
that other lower dimensional strata are isolated points and so they are the fixed points of every
reduced Hamiltonian flow, i.e. relative equilibria on the original manifold.
Keywords: Momentum Maps; Symplectic Reduction; Quantum Entanglement
1 Introduction
The geometry and topology of the space of entanglement types, or the orbit space, of a composite
quantum system under the Local Unitary Group K-action can be studied using the algebra of the
K-invariant polynomials [1], since the local unitary group K = SU(nj)
×N is a compact Lie group
acting on the projective Hilbert space M = P(H) of the multipartite pure states as a compact
Ka¨hler manifold, with H = ⊗Nj=1Hj. Therefore, the K-action on the Ka¨hler manifold M is proper
and the orbit space M/K is a Hausdorff space. A Hilbert’s theorem ensures that the algebra of
K-invariant polynomials are finitely generated [2, Section 8.14] and so the orbit space M/K is
locally homeomorphic to the image of the corresponding Hilbert map, as a semi-algebraic subset
of Rd given by polynomial equalities and inequalities, where d is the number of the basis of the
algebra of K-invariant polynomials [3].
In general, if M is a compact symplectic manifold, equipped with a closed non-degenerate 2-
form ω, under the proper and Hamiltonian action of the symmetry Lie group K, the orbit space
M/K is a stratified Poisson space, such that the strata are Poisson manifolds and the Poisson
subalgebra C∞(M)K of K-invariant smooth functions can separate the K-orbits in M [4, 5]. Al-
ternative approach exists in the context of symmetry reduction of Hamiltonian systems, in which
the components of the moment map J :M → k∗, where k∗ is the dual of the Lie algebra k of K, are
conserved with respect to the integral curves of the Hamiltonian vector fields, i.e. the No¨ether’s
theorem. It is initiated with the Marsden-Weinstein regular reduction in [6] and continued in [7–9]
for the singular reduction of Hamiltonian manifolds. In the latter case, the resulting symplectic
quotient Mξ = J
−1(ξ)/Kξ is a stratified symplectic space, in which the strata are symplectic man-
ifolds. The advantage is that this method enables us to obtain the components of the reduced
dynamics on the symplectic strata M
(H)
ξ of the reduced space Mξ.
In the current paper, we consider the complex projective Hilbert space P(H) of a tripartite
pure states, as a Ka¨hler manifold, which is acted upon properly and in a Hamiltonian fashion by
the local unitary group K = SU(2)×3 , and the corresponding symmetry or the conservation law
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is the preservation of the (shifted) spectra of the single-particle reduced density matrices, encoded
in the components of the associated moment map [10, 11]. However, this action is not free and
so the values ξ ∈ k∗ are singular values of the associated moment map J, since for some points
p ∈ M , the corresponding isotropy subgroup Kp ⊂ K is continuous, i.e. for each ξ ∈ k
∗, J−1(ξ)
contains a point p ∈M , such that the corresponding isotropy subgroupKp is continuous. Therefore,
we consider the symplectic singular reduction method in order to obtain the reduced symplectic
quotient Mξ = J
−1(ξ)/Kξ , for a given ξ ∈ k
∗, with respect to the conservation of the single-particle
reduced density matrices. The geometry and topology of the K-orbit space of tripartite pure states
for three qubits are studied in [12], using the algebra of K-invariant polynomials, and in [13], using
the bipartite decomposition procedure.
In [14], the dimension of the principal stratum of the symplectic quotient Mξ, for a fixed ξ in
the associated moment polytope, is studied in the case of tripartite pure states of three qubits. In
the current paper, which is motivated by the work in [14], by Sawicki et al, the symplectic structure
ω
(prin)
ξ on the principal stratum M
(prin)
ξ of the stratified symplectic space Mξ is derived for a fixed
ξ ∈ int(∆), where ∆ represents the moment polytope of the proper Hamiltonian action of K on
M = P(H). In addition, a criterion is obtained from which the elements of the local normal form
on the principal stratum M
(prin)
ξ can be determined up to the free action of the principal isotropy
subgroup. Moreover, from the symplectic structure, the components of the reduced Hamiltonian
dynamics, namely the reduced Hamiltonian functions f
(prin)
ξ ∈ C
∞(M
(prin)
ξ ) as well as their induced
Hamiltonian vector fields, are investigated on the principal stratum. Furthermore, by definition of a
stratified symplectic space, the symplectic structure on all lower dimensional strata can be obtained
by the symplectic structure on the principal stratum. From the quantum mechanical point of view,
the reduced dynamics on the principal stratum can shed some light on the non-local perturbations
of generic points of tripartite pure states of three qubits, whose entanglement is invariant under
the local unitary operations.
The outline of the paper is as follows. In section 2, the singular symplectic reduction is briefly
reviewed. In section 3, the local unitary action on the projective Hilbert space of a composite
quantum system, as well as the preliminary notation, is introduced. In section 4, the singular
symplectic reduction method is applied to the projective Hilbert space under the local unitary
action and the local normal form, the symplectic structure on the principal stratum, the reduced
dynamics on it and the dynamics on other lower dimensional strata are studied in further details.
Finally in section 5 we summarize the results.
2 Review of Symplectic Singular Reduction
Let (M,ω) be a connected symplectic manifold and K a compact Lie group acting properly on
M . Recall that the action of the Lie group K, i.e. Φ : K ×M → M and the Lie algebra k, i.e.
φ : M × k → X(M) are continuous and infinitesimal symmetry actions respectively, where X(M)
denotes the Lie algebra of the smooth vector fields defined onM and equipped with the Lie bracket.
The Lie group action K ∋ g 7→ Φg ∈ Diff(M) is a group homomorphism, whereas the Lie algebra
action M × k ∋ (p,X) 7→ φX(p) ∈ TM is a Lie algebra anti-homomorphism. The fundamental
vector fields of X ∈ k, or the infinitesimal generators φX ≡ XM ∈ X(M), of the Lie group
K-action is defined by
φX(p) ≡ XM (p) :=
d
dt
∣∣∣∣
t=0
Φexp(tX)(p), p ∈M,
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which constitutes the Lie algebra k-action. Given a point p ∈ M , the closed Lie subgroup
Kp := {g ∈ K|Φg(p) = p} is called the stabilizer, or the isotropy subgroup of the point p ∈ M .
Therefore, the Lie subalgebra kp := {X ∈ k|φX(p) = XM (p) = 0} is called the stabilizer, or isotropy
or symmetry subalgebra of p ∈ M . In fact, kp is the Lie algebra of the closed Lie subgroup Kp.
Moreover, since for every g ∈ K and p ∈ M , Kg.p = gKpg
−1 the isotropy subgroups of the points
in the same orbit are all conjugate in K. This conjugation establishes an equivalence relation ∼ in
the space of isotropy subgroups of the Lie group K, i.e. Kp ∼ Kq if and only if there exists a g ∈ K
such that Kp = gKqg
−1. The equivalence class (Kp) :=
{
gKpg
−1
}
g∈K
is called the (Kp)-orbit type
of the orbits through p ∈M . Equivalently, two orbits K.p and K.q have the same orbit type, if Kp
and Kq are conjugate in K. Let I denotes the set of orbit types of the K-action on M , then we
can introduce a partial ordering on I by the fact that (Kq) ≤ (Kp) if and only if Kp is conjugate
to some subgroup of Kq in K. If the K-action Φ is proper, the orbit space M/K is a Hausdorff
topological space, which is the case for compact Lie groups, such as the local unitary group. The
union of orbits having the same orbit type is called a orbit type stratum of M and is denoted by
M(H) through p ∈M , such that H is conjugate in K with Kp, and its image under the projection
π : M → M/K is called the orbit type stratum of M/K and is denoted by M(H)/K through
π(p) ≡ x ∈M/K.
Furthermore, if K is a compact Lie group acting on a connected smooth manifold M , then
there exists a unique minimal orbit type (Hprin), such that the stratum associated to the (Hprin)-
orbit type is connected, open and dense in M/K, for which the dimension equals to dim(M) −
dim(K) + dim(Hprin) [15, Theorem 1.4]. Such orbit type is called the principal orbit type and the
corresponding orbits are called principal orbits. In other words, an orbit K.p is a principal orbit,
if and only if for all q ∈ M , the isotropy subgroup Kp is conjugate in K to some subgroup of Kq.
Also, the corresponding stratum M(prin)/K in M/K is called the principal stratum. The dimension
of the principal stratum determines the dimension of the orbit space.
According to the classicalNo¨ether’s theorem, for a symplectic manifold (M,ω) acted upon by
the Lie group K in a Hamiltonian fashion, the components of the associated equivariant moment
map J : M → k∗ are preserved during the Hamiltonian dynamics, i.e. J ◦ ϕt = J, where ϕt is
the corresponding Hamiltonian flow. The symplectic manifold (M,ω), endowed with a symmetry
or a conservation law, may be reduced to the corresponding quotient space Mξ containing the
equivalence classes of the level set of the moment map J−1(ξ) under the action of the isotropy
group Kξ, for a fixed ξ ∈ k
∗. If the action of the group K on the manifold M is free, i.e. Kp = {e},
for all p ∈M , and assuming that the action of the closed subgroup Kξ is free and proper on J
−1(ξ),
then the resulting quotient space Mξ := J
−1(ξ)/Kξ , for a given regular value of the moment map
ξ ∈ k∗, would be another symplectic manifold equipped with the induced symplectic structure ωξ,
defined by π∗ξ ωξ = i
∗
ξ ω, where π
∗
ξ : J
−1(ξ) → Mξ is the projection map to the symplectic reduced
space and i∗ξ : J
−1(ξ) →֒M is the inclusion map. This reduction procedure is known as theMeyer-
Marsden-Weinstein [16, 17], or the regular symplectic point reduction [9], since the point
ξ ∈ k∗ is fixed.
If the condition on the freeness of the Hamiltonian action of the Lie group K on the symplectic
manifold (M,ω) is dropped, then the level set J−1(ξ) is a topological space. The orbit space
Mξ := J
−1(ξ)/Kξ is endowed with the quotient topology. In [7] it is shown that for the Hamiltonian
action of a compact Lie group K, the quotient spaceMξ=0 is a stratified symplectic space, satisfying
the Whitney’s condition, i.e. each strata is a symplectic manifold and the pieces are glued together
nicely. This result is extended to the case of the proper action of a Lie group K in [8]. For more
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details one can refer to [9].
Now, let (M,ω,K,J) be a Hamiltonian K-space, where (M,ω) is a symplectic manifold acted
upon properly and symplectically by the compact Lie group K and J : M → k∗ is the associated
equivariant moment map, such that J(p) = ξ, with p ∈ M and ξ ∈ k∗ as a value of J. Let the
isotropy subgroup Kp is denoted by H. Then,
• J−1(ξ) ∩M(H) is a submanifold of M .
• The set M
(H)
ξ := (J
−1(ξ)∩M(H))/Kξ has a unique quotient differentiable structure such that
the projection map π
(H)
ξ : J
−1(ξ) ∩M(H) →M
(H)
ξ is a surjective submersion.
• (M
(H)
ξ , ω
(H)
ξ ) is a symplectic manifold, where the symplectic structure ω
(H)
ξ is defined by
(i
(H)
ξ )
∗ω = (π
(H)
ξ )
∗ω
(H)
ξ , (2.1)
where i
(H)
ξ : J
−1(ξ) ∩M(H) →֒ M is the inclusion map. (M
(H)
ξ , ω
(H)
ξ ) is called the singular
symplectic point stratum.
• The connected components of J−1(ξ) ∩ M(H) are left invariant under the flow ϕt of the
Hamiltonian vector field Xh, for h ∈ C
∞(M)K , which also commutes with the Kξ-action.
Therefore, the induced flow ϕ
(H)
t on M
(H)
ξ is defined by
π
(H)
ξ ◦ ϕt ◦ i
(H)
ξ = ϕ
(H)
t ◦ π
(H)
ξ . (2.2)
• The reduced Hamiltonian function h
(H)
ξ :M
(H)
ξ → R of the flow ϕ
(H)
t on M
(H)
ξ is defined by
h
(H)
ξ ◦ π
(H)
ξ = h ◦ i
(H)
ξ . (2.3)
Then the quotient space Mξ is a stratified symplectic space with (M
(H)
ξ , ω
(H)
ξ ) as the strata. This
is called the symplectic stratification theorem. For more details and the proofs one can refer to
[7–9]. Also, for more details on the relation between the symplectic leaves of the orbit space M/K,
as a stratified Poisson manifold for a proper action of the Lie group K, and the symplectic strata
introduced above one can refer to [5].
3 Review of Local Unitary Action
Let’s consider a composite quantum system, consisting of N distinguishable ni-level quantum sub-
systems, for i = 1, · · · , N , in its global pure state. Using the language of geometric quantum
mechanics, the space P(H) of global quantum pure states is a (
∏N
i=1 ni − 1)-dimensional Ka¨hler
manifold, equipped with both Riemannian and Symplectic structures, induced from the real and
imaginary parts of the Hermitian inner products in H =
⊗
N Hi respectively. Moreover, since the
projective manifold M = P(H) is equipped with the transitive action of the unitary Lie group
U(H), the infinitesimal generators YM(p) span the tangent space TpM , for all Y ∈ u(H). So, let
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A,B ∈ u∗(H), be the observables acting linearly on H. The symplectic structure ω at p ∈ P(H) is
defined by [18]
ωp(XM , YM ) :=
i
2
〈ψ|[A,B]ψ〉
〈ψ|ψ〉
=
i
2
Tr(ρψ[A,B]), (3.1)
where XM , YM ∈ TpP(H) are given by
XM (p) =
d
dt
∣∣∣∣
t=0
π(exp(−iAt)ψ) = −i [A, ρψ ], A ∈ u
∗(H),
for all p ∈ P(H), where π : H → P(H), ψ 7→ p ≡ ρψ is the canonical projection. In fact p ∈ P(H) is
the global pure state of the composite quantum system, which is either a separable or an entangled
state. Note that in this paper the points in the projective Hilbert space M = P(H) are denoted by
p and ρψ interchangeably.
The corresponding local unitary transformation Lie group K is the compact Lie group K =
SU(ni)
×N acting on the manifold P(H), where H =
⊗
N Hi and Hi = C
ni , for i = 1, · · · , N . The
natural action of the group K on H, i.e. g .ψ = g1ψ1 ⊗ · · · ⊗ gNψN ∈ H, for g = (g1, · · · , gN ) ∈ K
and ψ = ψ1⊗ · · · ⊗ψN ∈ H, with ψi ∈ Hi, is then projected to M = P(H) to determine the action
of K on the Ka¨hler manifold M , namely
Φ : K ×M →M, (g, p) 7→ Φg(p) = gρψg
−1, (3.2)
where p ≡ ρψ = |ψ〉〈ψ|/〈ψ|ψ〉 ∈ M ≡ P(H). Therefore, XM (p) = ρ˙ψ = −i [η, ρψ ], where η ∈ k
∗.
The isomorphism k ∼= k∗, as well as for u(H) ∼= u∗(H), is due to the Killing-Cartan metric defined on
K, i.e. 〈X,Y 〉 := −Tr(XY )/2, for X,Y ∈ k, i.e. if η ∈ k∗, then −i η = X ∈ k and the Killing-Cartan
metric is satisfied for an arbitrary Y ∈ k. The action of the complex structure J on XM (p) reads
as JXM (p) = i ρ˙ψ = [η, ρψ ], for η ∈ k
∗.
The action of the local unitary group K is proper and symplectic, since the Lie group K is a
compact Lie group preserving the symplectic structure of the Ka¨hler manifold P(H), i.e. Φ∗gω = ω,
for every g ∈ K. Furthermore, this action is Hamiltonian and so there exists an equivariant moment
map J :M → k∗, defined by [18]
〈J(p),X〉 =
i
2
〈ψ|X ψ〉
〈ψ|ψ〉
=
i
2
Tr(Xρψ) ≡ JX(p), X ∈ k, (3.3)
where JX :M → R is the corresponding Hamiltonian function. The above-mentioned local unitary
group K is a subgroup of the unitary transformations of the global Hilbert space, i.e. U(H),
with dual of the Lie algebra k∗ = su∗(n1)⊕ · · · ⊕ su
∗(nN ). Hence, the quadruple (M,ω,K,J) is a
Hamiltonian K-manifold, with the moment map J :M → k∗, given by [10, 11]
J(p) = (ρ(1) −
1
n1
1n1)⊕ (ρ
(2) −
1
n2
1n2)⊕ · · · ⊕ (ρ
(N) −
1
nN
1nN ) ∈ k
∗, (3.4)
where ρ(j), for j = 1, · · · , N , represents the jth-subsystem’s reduced density matrix, and the shifting
ρ(j) − 1
nj
1nj is due to the isomorphism between the affine space of local Hermitian operators, with
trace one, acting onHj and su
∗(Hj), such that ρ
(j) be uniquely decomposed as ρ(j) := 1dim(Hj)+iη
(j),
where iη(j) ∈ su∗(Hj) by the Killing-Cartan bilinear form [19, Section 5.4.1]. Therefore,
dJX(YM )(p) = d〈J(p),X〉(YM )(p) = iXMω = ωp(XM , YM ) = −
i
2
Tr(ρψ[X,Y ]),
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where X ∈ k and for every Y ∈ u(H) with
XM (p) ≡ φX(p) ∈ k.p := {φX(p) ∈ TpM : φX(p) = −i [η, p], η ∈ k
∗} ,
YM (p) ∈ TpM := {YM(p) : YM(p) = −i [A, p], A ∈ u
∗(H)} ,
with −iη = X ∈ k and −iA = Y ∈ u(H).
4 Singular Reduction of Local Unitary Action
Now consider the projective Hilbert space of tripartite pure states of qubits, as distinguishable
particles, i.e. P(H) = π(C2 ⊗ C2 ⊗ C2) ∼= CP (7), which is acted upon by the local unitary group
K = SU(2)×3 . As it was pointed out previously, K is a compact Lie subgroup of the natural unitary
group U(H). The corresponding Lie algebra of K is k = su(H1)⊕ su(H2)⊕ su(H3), where Hi ∼= C
2,
for i = 1, 2, 3, and is spanned by the matrices of the form X1⊗12⊗12+12⊗X2⊗12+12⊗12⊗X3,
where Xj ∈ su(2) are traceless anti-Hermitian matrices, for j = 1, 2, 3.
Following the notation in [10, 11], any state ψ ∈ H can be written as
ψ =
1∑
i1,i2,i3=0
Ci1i2i3 ei1 ⊗ ei2 ⊗ ei3 , (4.1)
where {eik} are orthonormal bases for the Hilbert spaces Hk, for k = 1, 2, 3. Therefore, the moment
map J : P(H) =M → k∗, p ≡ ρψ = |ψ〉〈ψ|/〈ψ|ψ〉 7→ J(p) can be written as
J(p) := (ρ(1) −
1
2
12)⊕ (ρ
(2) −
1
2
12)⊕ (ρ
(3) −
1
2
12) ∈ k
∗ = su∗(2)⊕ su∗(2)⊕ su∗(2), (4.2)
where (ρ(k))mn =
∑1
i1,i2=0
C¯i1,mˆ,i2Ci1,nˆ,i2 , and the sum is over all pair indices except mˆ and nˆ at
the kth place. Hence, one can write the associated Hamiltonian function JX(p) to X ∈ k as
JX(p) =
i
2
Tr(Xρψ) =
i
2
3∑
k=1
1∑
ik,jk=0
(ρ(k))ik ,jk〈eik |Xkejk〉, (4.3)
where Xk ∈ su(2), and can be interpreted as the summation of the expectation values of the locally
defined Hermitian operators iXk ∈ su
∗(2) on each laboratory.
Recall that the Lie group K acts on its Lie algebra k by adjoint action, given by Ad : K × k→
K, (g,X) 7→ AdgX = gXg
−1. The corresponding coadjoint action is defined by 〈Ad∗gξ,X〉 =
〈ξ,Adg−1X〉 = 〈ξ, g
−1Xg〉, for ξ ∈ k∗, where 〈 . , . 〉 represents the natural pairing between k and k∗.
Therefore, the resulting orbit K.ξ =
{
Ad∗gξ : g ∈ K
}
is called the coadjoint orbit. It is well-known
[20, 21] that each coadjoint orbit K.ξ intersects the dual of the Cartan subalgebra, i.e. the maximal
commutative subalgebra t∗ of k∗, in accordance to the action of the Weyl group W = N(T )/T ,
where N(T ) is the normalizer of the maximal torus T of K. In fact, the Cartan subalgebra t is the
Lie algebra of the maximal torus T and t ∼= t∗. Hence, modulo the action of the Weyl group W
on the Cartan subalgebra t∗, each coadjoint orbit K.ξ intersects the corresponding positive Weyl
chamber t∗+
∼= k∗/K only once. In fact, t∗+ parametrizes the set of coadjoint orbits in k
∗ and the
isotropy subgroup Kξ for the point ξ ∈ t
∗
+ depends only on the open face of t
∗
+ containing ξ and
Kξ = T , for ξ ∈ int(t
∗
+) [22].
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In our particular case of interest, the Lie group SU(2) consists of 2× 2 special unitary matrices
and the Lie algebra su(2) is the space of traceless, anti-Hermitian matrices. The maximal torus T is
the subspace of diagonal special unitary matrices and the associated Cartan subalgebra t contains
traceless, diagonal anti-Hermitian matrices. So, the Weyl group W is the symmetric group S2
acting on the Cartan subalgebra t by permuting diagonal elements. Therefore, the positive Weyl
chamber t∗+ consists of traceless, diagonal Hermitian matrices, such that the diagonal elements are
ordered non-increasingly. Hence, the interior of the positive Weyl chamber int(t∗+) consists of those
λ ∈ t∗+, such that all their eigenvalues are distinct.
To every compact and connected Hamiltonian K-manifold (M,ω,K,J), with the moment map
J : M → k∗, is associated a convex polytope ∆ := J(M) ∩ t∗+, called the moment (or Kirwan)
polytope [23, 24]. The composite invariant moment map J′ :M → k∗ → t∗+, p 7→ J
′(p) = J(K.p)∩t∗+
is an open map onto its image [25], such that all its fibers are connected [24]. Hence, the points
ξ ∈ ∆ = J′(M) ⊂ t∗+ are sufficient to find the symplectic quotients Mξ and their strata M
(H)
ξ ,
where ξ ∈ ∆ and H < K.
Recalling the singular symplectic method [7–9], associated to each singular value ξ = J(p) ∈ k∗
is a symplectic reduced space Mξ = J
−1(ξ)/Kξ , which is a stratified symplectic space, with the
isotropy subgroup Kξ = {g ∈ K : Ad
∗
gξ = ξ}, namely,
Mξ := J
−1(ξ)/Kξ =
⋃
H<K
M
(H)
ξ ,
where each stratum M
(H)
ξ denotes the equivalence class of all the points p ∈ J
−1(ξ) whose isotropy
subgroups Kp are conjugate to H. Moreover, there exists a unique principal stratumM
(prin)
ξ , which
is open, dense and connected in the reduced space Mξ. In the next subsection 4.1, the main results
of this paper, namely the local normal form, the symplectic structure and the components of the
reduced dynamics on the principal stratum of the symplectic reduced space are studied in further
details.
4.1 Principal Stratum of Symplectic Quotient
In [14], by using the fact that the principal orbit type stratum M(prin) is a connected, open and
dense manifold of the orbit type stratification of M , and is of maximum dimension, since the
isotropy subgroups Kp of the generic points p ∈ M of the projective Hilbert space of tripartite
pure states are discrete [26], it is discussed that the image of the composite invariant moment map
J′(M(prin)) contains the relative interior of the moment polytope int(∆) = J(M(prin))∩ int(t
∗
+). Also
it is shown that the principal stratum M
(prin)
ξ = (J
−1(ξ) ∩M(prin))/Kξ of the symplectic quotient
Mξ = J
−1(ξ)/Kξ , for all ξ ∈ int(∆), is two dimensional.
Recalling the symplectic stratification theorem in section 2, Mξ, for ξ ∈ int(∆) ⊂ t
∗
+, is a
stratified symplectic space, with (M
(H)
ξ , ω
(H)
ξ ) as the symplectic strata, for all H < K. To find the
reduced symplectic structure ω
(prin)
ξ on the principal stratum of M
(prin)
ξ , for the principal isotropy
subgroup Hprin, we have to note that J
−1(ξ) ∩M(prin) is a submanifold of M , and also
(i
(prin)
ξ )
∗ω = (π
(prin)
ξ )
∗ω
(prin)
ξ ,
i.e.
ωp(ZM (p), Z
′
M (p)) = ω
(prin)
ξ (Tπ
(prin)
ξ (ZM (p)), Tπ
(prin)
ξ (Z
′
M (p))), (4.4)
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at p ∈ J−1(ξ) ∩M(prin), where ZM (p), Z
′
M (p) ∈ Tp(J
−1(ξ) ∩M(prin)), and
Tπ
(prin)
ξ : Tp(J
−1(ξ) ∩M(prin))→ TxM
(prin)
ξ , x = π
(prin)
ξ (p) ∈M
(prin)
ξ .
Moreover, as it is proposed in [14], we have Tp(J
−1(ξ) ∩M(prin)) = (k.p)
ω, where ( )ω represents
ω-orthogonality, since the map dpJ : TpM → k
∗ is surjective at p ∈ M(prin) with discrete isotropy
subgroups Kp = Hprin. Therefore [27, Section 4.3],
TxM
(prin)
ξ
∼= Tp(J
−1(ξ) ∩M(prin))/(kξ .p) ≡ Vx, (4.5)
where kξ.p = {XM (p) ≡ φX(p) ∈ k.p : φX(p) = −i [η, p], η ∈ k
∗
ξ
∼= t∗}, for −iη ≡ X ∈ kξ ∼= t
and ξ ∈ int(∆). In fact, the space kξ.p is the degeneracy space introduced in [10], for which the
dimension represents a measure for quantum entanglement of pure states. Locally, the subspace
Vx ≡ (k.p)
ω/(kξ .p) ∼= (k.p)
ω/((k.p)ω ∩ (k.p)) is the symplectic subspace of (k.p)ω in the Witt-Artin
decomposition of TpM for the Hamiltonian action of the compact Lie group K on (M,ω) [9, Section
7.1]. It is also called the symplectic normal space in the Marle-Guillemin-Sternberg local normal
form [28, 29], as a local model for a symplectic manifold M equipped with a Hamiltonian action of
a compact Lie group K around any orbit K.p in the fiber J−1(ξ), namely
Y = K ×Kp ((kξ/kp)
∗ × Vx) ,
whose elements are equivalence classes [g, ρ, v], by the free action of the isotropy subgroup Kp ≡ H
on K× ((kξ/kp)
∗ × Vx), given by h . (g, ρ, v) = (gh
−1,Ad∗h−1ρ, h.v). The symplectic normal space Vx
is defined as in the Eq. (4.5). There exists a 2-from ωY on Y , which is symplectic near [e, 0, 0] and
so the orbit K.p can be considered as the zero section in the normal bundle Y . Also the Lie group
K-action on Y , which is given by g′ . [g, ρ, v] = [g′g, ρ, v] is a Hamiltonian action and therefore is
equipped with a moment map JY : Y → k
∗, given by
JY ([g, ρ, v]) = Ad
∗
g−1(ξ + ρ+ JV (v)),
where the moment map JV : Vx → h
∗ for the linear H-action on the symplectic normal space
Vx is quadratic homogeneous and is described below. Therefore, the Hamiltonian K-manifold
(M,ω,K,J) is locally modeled by (Y, ωY ,K,JY ) around every orbit K.p at p.
Recall that the closed subgroups of the Lie group SU(2) are as follows: the group SU(2) itself,
the maximal torus U(1), the normalizer in SU(2) of the maximal torus U(1) and a collection of finite
subgroups. Therefore, the principal isotropy subgroup Hprin belongs to the set of finite subgroups
of the Lie group K = SU(2)×3 , collectively denoted by Γ. Hence, the local normal form Y around
the orbit K.p, where p ∈ J−1(ξ) ∩M(prin), is given by
Y = K ×Hprin
(
k∗ξ × (k.p)
ω/(kξ .p)
)
=
{
[g, ρ, v]| g ∈ K, ρ ∈ k∗ξ
∼= t∗, v ∈ (k.p)ω/(kξ .p),
[g, ρ, v] = [gh−1,Ad∗h−1ρ, h.v], ∀h ∈ Hprin
}
, (4.6)
with JY ([g, ρ, v]) = Ad
∗
g−1(ξ + ρ), since for discrete isotropy subgroup Kp ≡ Hprin, the moment
map JV is the zero map and JV (v) = 0, for every v ∈ Vx, and the isotropy subalgebra k
∗
p is trivial.
In fact the fixed point set V Hx of the symplectic normal space Vx is locally isomorphic to
the tangent space to the symplectic strata TxM
(H)
ξ , for H < K and ξ ∈ k
∗. More precisely, in
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the local normal form the symplectic normal space Vx is acted upon properly, linearly and in
a Hamiltonian fashion by the isotropy subgroup Kp ≡ H, and is therefore equipped with the
associated moment map JV : Vx → h
∗, u 7→ JV (u), defined by 〈JV ,X〉 =
1
2ωV (X.u, u), for every
X ∈ h and u ∈ Vx, where ωV is the symplectic structure of Vx. Hence, JV (u) = 0, for every
u ∈ V Hx = {u ∈ Vx : h.u = u, ∀h ∈ H}. Therefore, V
H
x
∼= Vx, if H is a discrete isotropy subgroup,
as is the case here for H = Hprin.
In other words,
Tπ
(prin)
ξ : (k.p)
ω → Vx ≡ TxM
(prin)
ξ
∼= (k.p)ω/(kξ .p),
ZM (p) 7→ Tπ
(prin)
ξ (ZM (p)) ∈ Vx, (4.7)
where (k.p)ω = {YM (p) ∈ TpM : ωp(XM (p), YM (p)) = 0, ∀XM (p) ≡ φX(p) ∈ k.p}, can be re-written
as
(k.p)ω =
{
YM (p) ∈ TpM : ωp(XM (p), YM (p)) = −
i
2
Tr(ρψ[X,Y ]) = 0, ∀X ∈ k
}
,
where XM (p) ≡ φX(p) = −i[η, ρψ ], for η ∈ k
∗, i.e. −iη = X ∈ k, and YM (p) = −i[A, ρψ], for
A ∈ u∗(H), i.e. −iA = Y ∈ u(H). Therefore, if we define
V ′x :=
{
A ∈ u∗(H) : Tr(ρψ [η,A]) = 0,∀η ∈ k
∗/k∗ξ
∼= k∗/t∗
}
, (4.8)
then, Vx = {YM (p) ∈ TpM : ωp(XM (p), YM (p)) = 0, ∀XM (p) ≡ φX(p) ∈ k.p/t.p}, can be re-written
as
Vx =
{
Tπ
(prin)
ξ (YM (p)) ∈ TpM : Tπ
(prin)
ξ (YM (p)) = −i [A, ρψ], A ∈ V
′
x
}
. (4.9)
Equivalently, ωp(XM (p), YM (p)) = 0, if and only if dJX(YM )(p) = 0, since
dJX(YM )(p) = ωp(XM (p), YM (p)),
forXM (p) ∈ k.p and YM (p) ∈ TpM . Hence, the symplectic structure ω
(prin)
ξ on the principal stratum
M
(prin)
ξ is given by
ω
(prin)
ξ (Tπ
(prin)
ξ (ZM (p)), Tπ
(prin)
ξ (Z
′
M (p))) =
i
2
Tr(ρψ [Z,Z
′]), (4.10)
where ZM (p), Z
′
M (p) ∈ (k.p)
ω, and Tπ
(prin)
ξ (ZM (p)), Tπ
(prin)
ξ (Z
′
M (p)) ∈ Vx, namely Z,Z
′ ∈ V ′x.
Therefore, in our particular case of interest, if {eij}, with ij = 0, 1, represent orthonormal bases
for the Hilbert spaces Hj, for j = 1, 2, 3, then {ei1 ⊗ ei2 ⊗ ei3 : ij = 0, 1, j = 1, 2, 3} represents an
orthonormal basis for the Hilbert space H ∼= ⊗3j=1Hj . Recalling the Eq. (4.1), V
′
x can be obtained
by finding those non-local Hermitian operators A ∈ u∗(H) such that
Tr(ρψ [η,A]) =
1∑
i1,i2,i3=0
1∑
j1,j2,j3=0
C¯i1i2i3Cj1j2j3〈ei1 ⊗ ei2 ⊗ ei3 |[η,A]ej1 ⊗ ej2 ⊗ ej3〉
= 0, (4.11)
for all η ≡ η1 ⊕ η2 ⊕ η3, with ηk ∈ su
∗(2)/t∗(2), for k = 1, 2, 3. Following [10], let Eij denotes the
matrix with 1 in the (i, j)-position, with i 6= j, and zero elsewhere, then the matrices Eij +Eji and
i (Eij − Eji) form a basis for su
∗(2)/t∗(2) ∼= R2, i.e. spanned by{(
0 1
1 0
)
,
(
0 −i
i 0
)}
,
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since for each group SU(2) = S3 we have SU(2) → SU(2)/T , as the Hopf fibration, namely
SU(2)/U(1) ∼= S2 = CP (1).
4.2 Reduced Dynamics on the Principal Stratum
The symplectic structure ω
(prin)
ξ on the principal stratum M
(prin)
ξ allows us to define on the space
of smooth functions C∞(M
(prin)
ξ ) a Poisson bracket { . , . }(prin) as{
f
(prin)
ξ , g
(prin)
ξ
}
(prin)
(x) = ω
(prin)
ξ (Xf (x),Xg(x)), (4.12)
where Xf ,Xg are the corresponding Hamiltonian vector fields of the reduced Hamiltonian functions
f
(prin)
ξ , g
(prin)
ξ ∈ C
∞(M
(prin)
ξ ), defined by the Eq. (2.3) as
(π
(prin)
ξ )
∗f
(prin)
ξ = (i
(prin)
ξ )
∗f,
namely
f
(prin)
ξ (π
(prin)
ξ (p)) = f(p) =
1
2
Tr(Fρψ), p ∈ J
−1(ξ) ∩M(prin), (4.13)
where f(p)s are the K-invariant smooth functions, for all −iF ∈ u(H), i.e. f(p) ∈ C∞(M)K , for
all ρψ ≡ p ∈M , since the Hermitian structure 〈 , 〉 on the Hilbert space H is K-invariant. In other
words,
(π
(prin)
ξ )
∗
{
f
(prin)
ξ , g
(prin)
ξ
}
(prin)
(x) = (i
(prin)
ξ )
∗ {f, g} (p) = {f, g} (p), (4.14)
where p ∈ J−1(ξ) ∩ M(prin) and f, g ∈ C
∞(M)K denote the corresponding K-invariant smooth
Hamiltonian functions. Recalling the Eq. (4.10), the induced Hamiltonian vectors on TxM
(prin)
ξ is
given by
Xf (x) = Xf (π
(prin)
ξ (p)) ≡ Tπ
(prin)
ξ (X
(f)
M (p)) ∈ Vx, (4.15)
such that X
(f)
M (p) ∈ (k.p)
ω ⊂ TpM , for F ∈ V
′
x. Hence, the expectation values f
(prin)
ξ (x) =
1
2 Tr(Fρψ), such that ρψ = p ∈ J
−1(ξ) ∩ M(prin) and for the Hermitian operators F ∈ V
′
x are
the smooth reduced Hamiltonian functions generating the reduced Hamiltonian dynamics on the
principal stratum M
(prin)
ξ , namely
df
(prin)
ξ (Xg)(x) = iXgω
(prin)
ξ = ω
(prin)
ξ (Xf (x),Xg(x)) =
i
2
Tr(ρψ[F,G]), (4.16)
for every G ∈ V ′x and with the induced Hamiltonian vector fields Xf (x) = −i [F, ρψ] ∈ Vx and
Xg(x) = −i [G, ρψ] ∈ Vx. The Poisson bracket (4.12) can help us to determine the Hamiltonian
flows on the principal stratum M
(prin)
ξ . Let ϕ
(prin)
t (x) and ϕt(p) denote the Hamiltonian flows
of f
(prin)
ξ ∈ C
∞(M
(prin)
ξ ) and f(p) ∈ C
∞(M)K , such that f
(prin)
ξ (ϕ
(prin)
t (x)) = f(ϕt(p)), for p ∈
J−1(ξ) ∩M(prin) and x = π
(prin)
ξ (p). Then,
dg
(prin)
ξ
dt
(ϕ
(prin)
t (x)) =
dg
dt
(ϕt(p)) = {g, f} (ϕt(p))
=
{
g
(prin)
ξ , f
(prin)
ξ
}
(prin)
(ϕ
(prin)
t (x)), (4.17)
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for every g
(prin)
ξ ∈ C
∞(M
(prin)
ξ ), such that g
(prin)
ξ (x) = g(p). Therefore, from the Eqs. (4.12) and
(4.17), it is implied that
df
(prin)
ξ (x)(.) = ω
(prin)
ξ (Xf (x), . ), (4.18)
where Xf (p) ∈ Vx, for all f
(prin)
ξ (x) =
1
2Tr(Fρψ), such that F ∈ V
′
x, ξ ∈ int(∆) and p ≡ ρψ ∈
J−1(ξ) ∩M(prin).
In [7], it is shown that the connected components of the strata are symplectic leaves of the
quotient Mξ, i.e. let x1, x2 be two points in the connected component of a stratum in Mξ, then
there exists a piecewise smooth path joining x1 to x2 consisting a finite number of Hamiltonian
trajectories of smooth functions in C∞(Mξ), since their Hamiltonian flows preserve the stratification
and also the restriction of their flows to a stratum equals to the Hamiltonian flows of the reduced
Hamiltonians.
Put it another way, as in [5], a continuous curve ϕ
(prin)
t : [t1, t2]→M
(prin)
ξ is a piecewise integral
curve of Hamiltonian vector fields of smooth reduced Hamiltonians, if the interval [t1, t2] can be
partitioned into finite number of sub-intervals [tj, tj+1], for j = 1, · · · , k, such that the restriction
of the flow ϕ
(prin)
t to the sub-interval [tj, tj+1], i.e. ϕ
(prin)
tj
: [tj, tj+1] → M
(prin)
ξ , is the integral
curve of the Hamiltonian vector field Xf of a reduced Hamiltonian f
(prin)
ξ , namely the solution of
the Eq. (4.17), for every t ∈ [tj , tj+1] and every g
(prin)
ξ ∈ C
∞(M
(prin)
ξ ). Then every two points
x1, x2 ∈M
(prin)
ξ can be joined by a piecewise integral curves of Hamiltonian vector fields.
Quantum mechanically, given a (shifted) spectra of the single-particle reduced density matrices,
such that the eigenvalues of each particle are distinct and are ordered non-increasingly, then the
associated global pure state, represented by a generic point p with one entanglement type, can be
transformed to another pure state (generic point) with another entanglement type and the same
value of the moment map spectra, under the flow ϕ
(prin)
t , namely by a finite sequence of integral
curves of induced Hamiltonian vector fields of smooth reduced Hamiltonian functions.
Moreover, the symplectic normal space Vx, or better V
′
x in the Eq. (4.8), represents the space
of non-local time-independent quantum control Hermitian operators (Hamiltonians), which can
induce unitary entanglement dissipation [30] for the generic points of a composite quantum system
containing three qubits. However, this is not a true dissipation process, since the reduced flow
ϕ
(prin)
t in the principal stratum M
(prin)
ξ consists of a sequence of one-parameter family of local
diffeomorphisms corresponding to the induced Hamiltonian vector fields and so a reversible process.
Of course one has to note that the reduced dynamics and so the unitary entanglement dissipation
only occurs on M
(prin)
ξ , for instance the entanglement type of the separable ps or bi-separable pbk
states, for k = 1, 2, 3, can not be changed unitarily as discussed above, since J′(ps) and J
′(pbk) are
not included in the int(∆) and so ps, pbk /∈ J
−1(ξ)∩M(prin). The symplectic reduced space for other
values of the moment map not included in the interior of the moment polytope ∆ will be further
discussed in the subsequent section 4.3.
4.3 Dynamics on the Other Strata
By definition of a stratified symplectic space, for instance Mξ, for a fixed ξ ∈ int(∆) together
with the algebra C∞(Mξ) of smooth functions on Mξ, the following conditions are satisfied: each
stratum S is a symplectic manifold; C∞(Mξ) is a Poisson algebra and the embedding S →֒ Mξ
is Poisson [31]. From the last condition, it is implied that the symplectic structure on the open
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dense stratum, i.e. the principal stratum M
(prin)
ξ , determines the symplectic structures on all other
lower dimensional strata M
(H)
ξ , for H(prin) 6= H < K, and so the Poisson structure on the whole
symplectic quotient Mξ.
If, for a given ξ ∈ int(∆), the principal stratum (M
(prin)
ξ , ω
(prin)
ξ ) is a two dimensional symplectic
manifold, then all other lower dimensional strata M
(H)
ξ , for H(prin) 6= H < K, would be zero
dimensional, i.e. isolated points, since all the strata M
(H)
ξ are symplectic manifolds. Therefore,
they are the fixed points of all Hamiltonian vector fields X
(f)
M on M , for every f
(H)
ξ (π
(H)
ξ (p)) =
f(i
(H)
ξ (p)), such that f ∈ C
∞(M)K and f
(H)
ξ ∈ C
∞(M
(H)
ξ ), and π
(H)
ξ : J
−1(ξ)∩M(H) →M
(H)
ξ and
i
(H)
ξ : J
−1(ξ) ∩M(H) →֒ M . In other words, they are relative equilibria in the projective Hilbert
manifoldM [7]. Recall that a point p ∈M is called a relative equilibrium, if and only if the integral
curves of a Hamiltonian vector field X
(h)
M , for h ∈ C
∞(M)K , is contained in the orbit K.p, so every
point in the orbit K.p is also a relative equilibrium. The situation is the same for other points ξ 6= 0
on the boundary of the moment polytope ∆, since as it is shown in [14], their symplectic reduced
spaces Mξ are zero dimensional and so they represent relative equilibria in the original manifold
M = P(H) too.
5 Conclusions
In this paper, the singular symplectic reduction procedure is applied to the projective Hilbert space
of tripartite pure quantum states, under the local unitary group action, for a system consisting of
three qubits. Given the (shifted) spectra of the single-particle reduced density matrices, as the
components of the associated moment map, such that the eigenvalues of each particle are distinct
and are ordered non-increasingly, the symplectic structure on the principal stratum is obtained and
it is shown that the Eq. (4.11) provides us with a criterion from which the elements of the local
normal model on the principal stratum of the symplectic quotient Mξ can be constructed up to the
action of the principal isotropy subgroup.
Moreover, from the symplectic structure of the open, dense and connected principal stratum,
the induced Hamiltonian vector fields, the reduced smooth Hamiltonian functions and their corre-
sponding reduced Hamiltonian flows are investigated on the principal stratum. Furthermore, it is
discussed that for a given spectra of the single-particle reduced density matrices, other lower di-
mensional strata are isolated points and so they are the fixed points of every reduced Hamiltonian
flow, which are known as the relative equilibria in the original manifold M .
From physical point of view, the reduced Hamiltonian flow on the principal stratum, which
contains a finite sequence of the integral curves of the induced Hamiltonian vector fields, pro-
vides a reversible unitary entanglement dissipation for a composite quantum system containing
three qubits. Each reduced Hamiltonian function can be obtained locally from the space of time-
independent quantum control Hermitian operators. Finally, while the original projective Hilbert
space is a Ka¨hler manifold, the metric structure on the symplectic reduced space, and in particular
on the principal stratum, as well as the exact computation of the symplectic normal space, will be
discussed elsewhere.
12
Acknowledgements
This work is partially supported by the Malaysian Ministry Of Higher Education (MOHE), Fun-
damental Research Grant Scheme (FRGS) with Vote No. 5523927.
Bibliography
[1] N. Linden and S. Popescu. On multi-particle entanglement. Fortschritte der Physik, 46(4-5):
567–578, 1998.
[2] Hermann Weyl. The Classical Groups: Their Invariants and Representations. Princeton
University Press, Princeton, NJ, 1997.
[3] Avner Friedman. Generalized functions and partial differential equations. Prentice-Hall Inc.,
Englewood Cliffs, NJ, 1963.
[4] Judith M. Arms, Richard H. Cushman, and Mark J. Gotay. A universal reduction procedure
for hamiltonian group actions. In The geometry of Hamiltonian systems (Berkeley, CA, 1989),
volume 22 of Math. Sci. Res. Inst. Publ., pages 33–51, New York, 1991. Springer.
[5] Richard Cushman and Jedrzej Sniatycki. Differential structure of orbit spaces. Canadian
Journal of Mathematics, 53:715–755, 2001.
[6] Alan Weinstein. Symplectic manifolds and their lagrangian submanifolds. Advances in Math-
ematics, 6(3):329 – 346, 1971.
[7] Reyer Sjamaar and Eugene Lerman. Stratified symplectic spaces and reduction. The Annals
of Mathematics, 134(2):375–422, September 1991.
[8] L. Bates and E. Lerman. Proper group actions and symplectic stratified spaces. Pacific Journal
of Mathematics, 181(2):201–229, 1997.
[9] Juan-Pablo Ortega and Tudor S. Ratiu. Momentum Maps and Hamiltonian Reduction, volume
222 of Progress in Mathematics. Birkhau¨ser, Boston, 2004.
[10] Adam Sawicki, Alan Huckleberry, and Marek Kus´. Symplectic geometry of entanglement.
Communications in Mathematical Physics, 305:441–468, 2011.
[11] A. Sawicki and M. Kus´. Geometry of the local equivalence of states. Journal of Physics A:
Mathematical and Theoretical, 44(49):495301, 2011.
[12] Scott N. Walck, James K. Glasbrenner, Matthew H. Lochman, and Shawn A. Hilbert. Topology
of the three-qubit space of entanglement types. Phys. Rev. A, 72:052324, Nov 2005.
[13] Toshihiro Iwai. The geometry of multi-qubit entanglement. Journal of Physics A: Mathematical
and Theoretical, 40(40):12161, 2007.
[14] Adam Sawicki, Michael Walter, and Marek Kus´. When is a pure state of three qubits deter-
mined by its single-particle reduced density matrices? arXiv:1207.3849v2, 2012.
13
[15] Gerald Schwarz. Lifting smooth homotopies of orbit spaces. Publications Mathmatiques de
L’IHS, 51:37–132, 1980. 10.1007/BF02684776.
[16] Kenneth R. Meyer. Symmetries and integrals of mechanics. In Dynamical Systems, M. Piexoto,
editor, pages 259–273. Academic Press, 1973.
[17] Jerrold Marsden and Alan Weinstein. Reduction of symplectic manifolds with symmetry.
Reports on Mathematical Physics, 5(1):121 – 130, 1974.
[18] Alberto Benvegnu´, Nicola Sansonetto, and Mauro Spera. Remarks on geometric quantum
mechanics. Journal of Geometry and Physics, 51(2):229 – 243, 2004.
[19] Dariusz Chrus´cin´ski and Andrzej Jamiolkowski. Geometric Phases in Classical and Quantum
Mechanics, volume 36 of Progress in Mathematical Physics. Birkhu¨ser, Boston, 2004.
[20] R. Bott. The geometry and representation theory of compact lie groups. In Representation
Theory of Lie Groups, number 34 in London Mathematical Society Lecture Note Series, pages
65–90. Cambridge University Press, 1979.
[21] A. A. Kirillov. Lectures on the Orbit Methods, volume 64 of Graduate Studies in Mathematics.
American Mathematical Society, USA, 2004.
[22] E Meinrenken and C. Woodward. Moduli spaces of flat connections on 2-manifolds, cobor-
dism, and witten’s volume formulas. Advances in Geometry, Progr. Math., 172:271–295, 1999.
Birkha¨user, Boston, MA.
[23] V. Guillemin and S. Sternberg. Convexity properties of the moment mapping. Inventiones
Mathematicae, 67:491–513, 1982.
[24] Frances Kirwan. Convexity properties of the moment mapping, iii. Inventiones Mathematicae,
77:547–552, 1984.
[25] F. Knop. Convexity of hamiltonian manifolds. J. of Lie Theory, 12:571–582, 2002.
[26] H. A. Carteret and A. Sudbery. Local symmetry properties of pure three-qubit states. Journal
of Physics A: Mathematical and General, 33(28):4981, 2000.
[27] Ralph Abraham and Jerrold E. Marsden. Foundations of Mechanics. Addison-Wesley Pub-
lishing Company, Inc., Redwood City, CA., second edition edition, 1987.
[28] V. Guillemin and S. Sternberg. A normal form for the moment map. In Differential geometric
methods in mathematical physics (Jerusalem 1982), S. Sternberg, editor, Math. Phys. Stud.,
6, pages 161–175. D. Reidel Publishing Company, Reidel, Dordrecht, 1984.
[29] C. M. Marle. Mode´le d’action hamiltonienne d’un groupe de lie sur une varie´te´ symplectique.
Rend. Sem. Mat. Univ. Politec. Torino, 43(2):227–251, 1985.
[30] Allan I. Solomon. Entanglement dissipation: Unitary and non-unitary processes. Journal of
Physics: Conference Series, 380(1):012012, 2012.
14
[31] Eugene Lerman, Richard Montgomery, and Reyer Sjamaar. Examples of singular reduction. In
Symplectic Geometry, Dietmar Salamon, editor, volume 192 of London Mathematical Society
Lecture Note Series, pages 127–155. Cambridge University Press, 1994.
Laboratory of Computational Sciences and Mathematical Physics,
Institute for Mathematical Research, Universiti Putra Malaysia,
43400 UPM Serdang, Selangor, Malaysia
E-mail: saeid.molladavoudi@gmail.com
15
